Abstract: This study is motivated by issues in belt dynamics and paper forming where the oscillatory motion of the contact point between the belt and pulley or the web and roll is important. The objective is to evaluate the influence of the nonlinear contact boundary conditions on the dynamics of the belt or web. To accomplish this objective, two models are analyzed using perturbation methods. The first model represents a string on an elastic foundation (an approximation of the paper forming process) and the second model represents a tensioned beam (accessory drive belt). The first correction to the fundamental natural frequency and the dynamic belt/web length are determined as a function of the governing parameters. For both models, the change in belt length is found to be proportional to the radius of the pulley/roll and the initial belt/web energy.
INTRODUCTION
The vibration of belts and webs are often associated with a broad class of dynamical systems referred to as axially moving materials (Mote, 1972) . Examples of axially moving materials include band saws, chains, belts, paper, webs, cables, vehicle tracks, and tapes.
These axially moving materials are principally driven through contact with rotating pulleys, sprockets, rolls, drums, spools, and so on. Recent developments concerning the vibration and stability of axially moving material systems are reviewed in Wickert and Mote (1988) .
This investigation examines the dynamic contact of a belt or web on a curved surface (e.g., pulley or roll). In particular, attention focuses on the dynamic wrapping and unwrapping of the belt or web that occurs during free oscillations. This action is described by nonlinear boundary conditions, which exist, of course, for translating and nontranslating systems alike. A substantial understanding of such contact for chain/sprocket systems developed early (Mahalingham, 1958) , perhaps due to the relatively large impact loads (and noise) induced by discrete polygonal action (Turnbull and Fawcett, 1973; Sueoka, Kondou, and Tanaka, 1989 and Wang, Liu, Hayek, and Chen, 1992) . By contrast, relatively little attention has focused on the continuous contact generated in most other axially moving material applications.
Doyle and Hornung noted through experiments that simply supported boundary conditions are inappropriate for V-belts on pulleys (Doyle and Hornung, 1969) . The contact of a band wrapped about two wheels was analyzed in Hwang and Perkins (1992) by considering globally large static band deflections. Dynamic contact at the belt/pulley interface was analyzed in recent numerical studies (Yue, 1992a,b) . The interpretation of these numerical results is facilitated by the present analytical study. Moreover, the differences between the numerical studies by Yue and this investigation are highlighted herein.
The present investigation revisits the problem of dynamic contact and, through application of closed-form analysis, provides a fundamental understanding of the contact-induced nonlinearities. The motivation for this study derives is unity in the limit;3 -> 0 and 6 --r 0. The dimensionless coefficients 3 = Ehr2/TLg and 6 = KL6/Trr2 measure the ratio of the element bending stiffness and foundation stiffness to the tension (membrane stiffness). (Kevorkian and Cole, 1981) . using third-order approximations to (7). Notice that while the displacement at .r = I is always negative, the approximate boundary condition, applied at x = 7T, is always positive as illustrated in Figure 1 b. Equation ( 11 ) reveals that the lateral displacement at x = 7T is proportional to the square of the local slope resulting in a quadratic nonlinearity in this boundary condition. A quadratic nonlinearity also appears in (12) arising from the finite beam curvature at the end. In the previous numerical studies (Yue 1992a,b) , this boundary condition is linearized. However, the nonlinearity in the curvature boundary condition (12) is of the same order as that in the displacement boundary condition (11). Thus it is inconsistent to linearize the curvature boundary condition while considering the exact or higher-order approximations of the displacement boundary condition.
Note that while the boundary conditions (11) and (12) are nonlinear and quadratic to first nonlinear order, the equation of motion (1) (14) and (15) into (2), (10), (11) Figure 2 . Observe that for the highly tensioned beam considered in Figure 2 (,3 = 0.001) the curvature of ys is restricted to a boundary-layer where is selected to satisfy the initial energy condition (53).
O(E2) Problem
At o(e2) the response problem is
As before, the term on the right-hand side of (58) (73) (40) and (48) reveals that the frequency correction W2 depends on two parameters: r and 6. The dependence on r is simply that W2 r-v r and thus the influence of the nonlinear boundary condition (11) increases with the square of the roll radius r. However, the dependence on 6 is not monotonic. This fact is illustrated in Figure 3 , which shows how W2 depends on 6 for the case r = 1. Note the singularities that exist at 6 = 0, 5/3, 4, .... These singular points correspond to particular values of 6 for which there is an internal resonance with the fundamental mode. For instance, b = 0 corresponds to 2Qj = Q2, 6 = 5/3 corresponds to 252, = Qi, and so on. The expansions (14) and (15) are no longer uniform in a neighborhood about these particular values of 6. Between these values of 6, W2 decreases monotonically with increasing 8.
Recall that the initial conditions considered herein excite exclusively the fundamental mode at first-order. Higher-order linear modes, however, are drawn into the response through the nonlinear boundary condition (11). The particular higher-order mode that participates at order E2 depends strongly on the value of 6. Figure 4 compares the nonlinear mode shape y EYI + E2yz and the linear mode shape Eyl for an example case for which 6 = 0.01, E = 0.01, and r = 1. Observe that Y(7r) fO for the nonlinear mode as required by the nonlinear boundary condition (11). For 6 ~ 0, V2 converges to the second mode. This is already apparent from Figure 4 For 6 slightly greater than 5/3 as in Figure 6 there is again evidence of the third linear mode, though the phase of Y2 is now opposite that of Figure 5 . As 6 approaches each higher-order internal resonance, Y2 approaches that of each higher-order linear mode in sequence.
In the motivating problem of the paper web contacting a form roll, web oscillations may alter the forming length due to the nonlinear boundary condition considered herein. Such dynamic changes in forming length have serious implications for product variability 
Tensioned Beam
Inspection of (87) shows that W2 is a function of r and 3 through the quantities C, (76) and CZ (79) . Further examination of these quantities reveals that C, N r-' whereas C2 ~ r'-+ I 11. The constant C, results from the application of the displacement boundary condition (11) and is thus analogous to the constant C for the model of a string on an elastic foundation (38b-40). The constant C,, which embodies information from the (higherorder) curvature boundary condition (12), introduces a non-monotonic dependence on r as illustrated in Figure 9 for the case fl = 0.01.
The dependence of the frequency correction W2 on (3 is also non-monotonic as illustrated in Figure 10 for the case r = 1. In this example, the frequency correction reaches a maximum near)3 = 0.002 and then decreases with further increase in flexural rigidity (3. The nonlinear mode shape y = Ey, + 62V, is plotted for three values of 13 in Figure 11 the change in length for the range 0.01 < ,Q < 0.1 within an error of 10%. This result agrees with the numerical studies by Yue (1992a,b) , who also found that the so-called vibrating length is proportional to the pulley radius r. However, the dependence of the natural frequency and vibrating length on the strain energy and stiffness parameters are not presented in the studies by Yue (1992a,b (E2) . For both models the stiffness parameters 6 and /3 strongly influence the amplitude of the higher-order linear modes.
The change in free span length Al due to dynamic wrapping and unwrapping is of interest in both paper forming and automotive belt applications. The models analyzed herein reveal that Al is proportional to the pulley radius r and the amplitude of oscillation e as determined by the initial conditions. The dependence on the stiffness parameters 6 and,3 is not, however, monotonic.
